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Interaction between the Unsteady Boundary Layer
and Inviscid Hot Flow in a Shock Tube

D. Zeitoun* and M. Imbertj
University of Provence, St. Jerome Center, Marseille, France

A numerical calculation is presented for the flow in a low-pressure shock tube. The evolution of the hot flow
quantities due to mutual interaction between the boundary layer and inviscid hot flow are taken into account. A
better knowledge of the unsteady evolution of this hot flow is so obtained, including the distribution of all
parameters at the limiting regime. The computational results, with Argon as a driven gas, are in agreement with
the different experimental results at usual measurement stations.
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Nomenclature
= sound velocity
= shock tube diameter
= enthalpy
= separation distance between shock and

contact surface
= maximum separation distance
= mass loss term
= shock Mach number
= pressure
= Prandtl number
= shock tube radius
= perfect gas constant
= entropy
= temperature
= axial flow velocity
= flow velocity
= shock velocity
= US — (7= flow velocity in a shock-fixed

coordinate system
= radial flow velocity
= laboratory coordinate system
= density ratio across the shock
= ratio of specific heats
= boundary-layer thickness

= displacement thickness

TTH

= density displacement thickness
• = density
= viscosity
= test time
= maximum test time
= test time in ideal shock tube theory
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Subscripts
c = conditions at the contact surface
e = conditions in the inviscid hot flow
/ = conditions from ideal shock tube theory
£ = conditions at the limiting regime
S = conditions immediately behind the shock

wave
W = conditions at the wall
1 = conditions in the undisturbed flow ahead of

the shock

I. Introduction

THE interaction between the inviscid flow and the wall
boundary layer in a shock tube is characterized by an

attenuation of the shock wave, an acceleration of the contact
surface, a nonuniform flow, and a separation distance ap-
proaching a limiting value when the shock and the contact
surface move at the same velocity. Duff1 was apparently the
first to observe this phenomenon and explained it in terms of
leakage of hot shocked gas through the boundary layer past
the interface. Roshko2 obtained analytical estimates for the
separation distance. Hooker3 improved Roshko's results. In
these studies, the interaction may be defined in terms of a
parameter /3 proportional to the boundary-layer thickness.
The observed discrepancy between theory and experiments
may be explained by the approximate nature of the solution of
the boundary-layer equations used to calculate this parameter
(the external freestream is assumed constant, the shock wave
moves with constant velocity).

Mirels4'5 improved the values of the parameter (3. He took
account of the mutual interaction between the boundary layer
and the freestream, but the flow between the shock and the
contact surface remained steady in the shock-fixed coordinate
system. Ackroyd,6 in a study of shock tube test time, applied
momentum integral boundary-layer solutions presented by
Bernstein7 and included the variation of the contact surface
velocity.

Musgrove et al.8 developed a constant shock speed analysis
and a linearized unsteady analysis to obtain asymptotic
solutions which predict finite limiting test times. Mirels9

reviewed the main features of the boundary-layer induced,
shock tube flow nonuniformity. However, none of these
theories can properly predict the unsteady variations of the
freestream and boundary layer, since they do not take account
of all modifications induced by mutual interaction.

From Spence and Wood's10 analysis of the determination
of the mass loss term, Sides and Brun11 presented numerical
results for the unsteady freestream, but the boundary-layer
displacement thickness was calculated from the steady
boundary-layer equations without pressure gradient. Brun
and Imbert12 improved these results, they integrated the
boundary-layer equations with a local similarity method.
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In the present paper, the unsteady evolution of viscous
inviscid hot flow up to the asymptotic regime is investigated
by taking account of the spatio-temporal variations of the
freestream and the boundary layer. The one-dimensional
unsteady equations of the freestream are computed by the
method of characteristics (Hartree's method) and the
axisymmetric unsteady laminar boundary-layer equations are
computed by a second-order finite-difference scheme. Both
equation systems are coupled with the mass loss term which
appears in the continuity equation. The application of these
numerical methods to argon as a test gas enables us to
determine the unsteady evolution of the freestream and
boundary-layer parameters and to find an expression of
limiting values of hot flow length and test time which are
compared to available experimental results.

II. Flow Equations
A. Freestream Equations

It has been shown that the equations of the freestream in a
tube of uniform circular cross section are those of one-
dimensional unsteady flow13 if the boundary-layer thickness
is small in comparison with the diameter. The right term
m(x,t) of the continuity equation represents the mass loss of
the freestream across the boundary layer [system I, Eqs. (1)]:

Continuity

Energy

Momentum

Energy

State

ds r ds— + u — =o
dt edx

(Ib)

dc)

(Id)

where 6 is the boundary-layer thickness, and e refers to in-
viscid edge values. The equations are coupled with the
boundary-layer equations in order to determine the quantity
m(x,t).

B. Boundary-Layer Equations
The laminar axisymmetric unsteady boundary-layer

equations in a laboratory cylindrical coordinate system
[system II, Eqs. (2)] are

Continuity

Momentum

du

dpr dpur dpvr _
dt dx dr ~ (2a)

/du du du\ dP 1 d / du\ dPp[ —- + u — +v— ) = - — -I- - — (pr— ) and — =0\dt dx dr/ dx rdr\dr/ dr
(2b)

df£\=dP I *_<]>*
~dr)~~dt + 7 aKp~ dr

+ ( / - — (2c)

with r = D/2 - y, P=pR T, ju, = p ( T ) , the boundary conditions
are: at the wall, u = v = Q and H=Hw, and at the edge,
u=Ue(x,t) and H=He(x,t). Both equation systems are
coupled on one side by the right terms of the continuity
equation of system I and on the other side by the boundary
conditions of boundary-layer equations (II).

III. Numerical Methods
A. Freestream

The constant time technique of the method of charac-
teristics 14 is used to integrate the hyperbolic system (I) of the
freestream. These equations may be written in characteristic
form

dP 2 /da\ dx— - ——pa(-- )=0 on -r =U
dt y-1 \dt/ dt

dP dU , dx— +pa——+a2m = 0 on — =U+adt dt dt

dP dU dx— —pa—— +a2m = 0 on — = U—adt dt dt

<3a)

(3b)

(3c)

At time t the values of all variables at all grid points are
known. In order to calculate them at time J + AJ, the
numerical procedure requires three different meshes
depending on how one calculates the shock trajectory, the
position, and state of an interior point or of the ideal contact
surface.

In each case, the characteristic equations are written in a
finite-difference form and the coefficients in an average form.
At the shock, Hugoniot relations are used, and on both sides
of the interface the pressure and the velocity are assumed
equal. In the driver gas flow, the boundary layer is turbulent
and the displacement thickness and the corresponding mass
loss term have been calculated in an approximate manner
assuming for the boundary layer the form given in Ref. 15.
This calculation shows that its effect on the hot flow is small
in comparison with this coming from the hot flow boundary
layer (see Sec. VA).

The numerical stability of the method of characteristics is
obtained if Courant-Friedrich-Levy criterion is respected
[At<min(Ax/ae)].

B. Boundary Layer
Before solving numerically the nonlinear parabolic partial

differential equations of the boundary layer (II), these are
transformed into a more convenient form. At first, the in-
dependent variables (x,r,t) are changed to (£,77,7) defined so
that

where
7(0='

B=(peUeL(t)R2)s
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L ( t ) is the separation distance between shock and contact
surface. The independent variables £ and rj are non-
dimensional.

Then the dependent variables u,v,H are transformed into
nondimensional variables F, V,G, namely,

System II can now be written in the form (as system III):

3V dF

d / dF

(4a)

dF dF dF

(4b)

He dr,

where

dH

dUe

dff
Hr Ue(d£/dx)He dr UeHe dr

dO £L dO

t ^ W d 2^ r p A \?,iy,r) = ——— (7- —— — dr/jp^ \ peUeR2 Jo Pe /

The boundary conditions are: at the wall (r? = 0),
F(£,0,r) = K(£,0,r) =0, at the edge (77-oo), G ( £ , o o , T ) =
Gw, F(J,oo,r) = G(£,oo,r) = 1. At the initial time t0, when
the variables are assumed constant (the effects of the finite
time of the diaphragm opening are not taken into account)
and at each step t + At in £ = 0, the set of equations is a simple
reduction of system II I , obtained by setting £ = 0 in a
straightforward manner.

The integration of system III is performed in planes
T = constant starting at T = TO and in each T plane along the line

£ = constant starting at % = Q (shock wave) to £ = 1 (constant
surface).

The discretization of equations is made at the middle point
of the integrating mesh by Crank-Nicolson's finite-difference
scheme. The partial derivatives are developed in such a way
that the error of truncation is proportional to the square of
the integration step, the nonlinear terms in the equations are
linearized by the Newton-Raphson procedure.

Then the three equations are written in a finite-difference
form. The numerical procedure is composed first of the
resolution of the coupled continuity and momentum
equations and then of the energy equation. This numerical
scheme is called the Davis Coupled Scheme (D.C.S.) and
Blottner16 shows that this scheme is of second order with one
iteration. The numerical procedure is described in more detail
by the authors in a previous work.17

One of the results of this integration is the determination of
the density and velocity profiles through the boundary layer
necessary for the computation of the mass loss m (£,r) at each
£. From the distribution of m between the shock and the
contact surface and in order to calculate this term at each x, a
quadratic interpolation is used.

The application of the algorithms to the calculations of the
freestream and of the boundary layer enables us to study the
spatio-temporal evolution of all quantities of the hot flow. In
particular, the results concerning the limiting values can be
fully analyzed and may lead to a better determination of the
limiting regime in a low-pressure shock tube as it will be
developed hereafter.

IV. Maximum Separation Distance and Test Time
When /—> oo the flow asymptotically tends to a limiting

regime for which the shock and the contact surface have the
same velocity. Then in shock-fixed coordinates the hot flow is
steady (d/dt = Q), and it is possible from the freestream
continuity equation, to obtain an expression for the maximum
separation distance Lm and for the test time rm.

Thus introducing the variables (£,r), the continuity
equation for the inviscid flow becomes:

(5)

The integration of this expression from the shock wave (£ = 0)
to the contact surface (£ = 1) gives the following formula:

(6)

This relation means that the net mass flow through the shock
wave is equal to the net mass flow lost through the boundary
layer at the contact surface.

Finally, in order to obtain the expression for the limiting
separation distance, the variable y must be replaced by 77

Lm — D2

Wt-I (7)

where

This distance Lm is proportional to the cross-section area of
the tube and to the limiting Mach number M , and depends
on the boundary-layer profile at the contact surface through
the quantity /3 when the limiting regime is attained. The
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present computation of the unsteady flow enables this regime
to be determined with a good approximation and the values
for Lm, MSJ, and ft are directly obtained for the different
cases. So it is possible to compare these values (Lm, MSf) with
those coming from steady theories.4>5

Equation (7) can be written in two different forms which
are more convenient for comparisons with other theories.

10 Ms,

Lm
P,D2

and

16 W-

Lm

= F(MS,T,) (8)

(9)

It is possible to deduce the ratio of maximum test time rm is
ideal shock tube test time TTH at a given station x0

P,D2

(10)

V. Numerical Results and Comparisons
Numerical results are obtained for a 5-cm-diam shock tube,

for initial temperature Tl = 295 K and initial pressure Pl = 0.5
Torr. The value of Pt.D is such that the boundary layer can
be considered as laminar.9 The initial Mach numbers are in
the range 3-9. The driver gas is helium and the driven gas is
argon. At the initial time ^ = 6.10~5s, the values of the
different quantities are calculated by Hugoniot relations in
which the shock Mach number has its ideal value. It has been
shown that the influence of the initial data line vanishes
quickly along the tube.11 '17 On the other hand, the mesh of
the plane (£,rj) was varied from (5x51) to (15x71) nodes.
The step time At is chosen so as to satisfy the C.F.L. criterion
(A?? = 0.1 and A/ = 4 10 ~6s).

A. Separation Distance and Test Time
. The driver gas boundary layer chiefly acts on the evolution

of the interface which tends to slow down, therefore, the hot
flow lengths are larger. This effect increases as the shock
Mach number decreases. For the smallest Ms used (Msi = 3) in
the present work, the discrepancy for Lm is smaller than 2%,
which enables us to neglect the presence of the cold gas
boundary layer for the other studied cases (Msj = 4,7,9).

Figure la shows, for different initial Mach numbers, the
evolution of the separation distance L between the shock and
the contact surface along the tube (x = 0 is diaphragm
location). In the shock tube ideal theory, this distance in-
creases linearly. One of the boundary-layer growth effects is
that this distance tends to a limiting value Lm. Considering
the asymptotic behavior of the phenomenon, the limiting
regime is supposed to be reached when the discrepancy be-
tween the shock and the interface velocity is 1 m/s. This same
figure also shows the asymptotic behavior of Lm as initial
Mach number Msi increases. The relation in Eq. (9) shows
that this result could be expected. Figure Ib shows the time
evolution of the shock wave and the interface up to the
limiting regime.

The present numerical results can be compared easily to
Duff's experiments. In a 2.86-diam shock tube with initial
pressure P7=0.5 Torr and argon as the driven gas, Duff
measured the variation of the test time as a function of the
shock Mach number at 3.81 m from the diaphragm. At this
station, if the limiting regime is reached, it is possible to
determine the maximum test time rm with the aid of the
present computation, and the knowledge that the maximum
separation distance Lm is proportional to the square of the
radius. The calculated values of maximum test time are in
good agreement with Duff's measurements (Fig. 2). In this

0 1 3 Xs(m) 5

Fig. la Evolution of separation distances L along the tube and
maximum separation distance Lm against initial shock Mach number
Ms.: a) Msj = 3; b) Msj = 7; c) Msj = 7; d) Msj = 9.

0 1 2 (T x<m>
Fig. Ib Evolution of shock wave and interface along the tube up the
limiting regime.
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' 1 3 5 7 MS,
Fig. 2 Comparison of numerical results of test time with Duff data.

figure, the analyses of Ackroyd and of Hooker are also
represented.

B. Shock Wave Attenuation
In the limiting regime, the value of the common velocity of

the shock and the interface is independent of the nature and of
the rate of growth of the boundary layer; it is a function only
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+ Present Results
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Fig. 3 Comparison of numerical values of limiting Mach number
with steady analysis.

of the initial conditions.1>4 This conclusion has here been
verified and it is the same for the previous studies. n'12 Thus,
for M5/. =4 (He/A) the value for Ms( is 3.15, for whatever
computation method is used for the boundary layer.

Figure 3 represents the relative difference between the
initial (Msj) and limiting (Msg) Mach numbers. This quantity
tends to the value equal to 1/^=0.25 when M5^oo in
agreement with Roshko's, Mirels', and Musgrove's predic-
tions. The numerical values of Msf are in good agreement with
analytic solutions.4

C. Comparisons with Mirels' Analysis and Experimental Studies
The numerical determination of the maximum separation

distance Lm and the limiting value of Mach number Ms( as a
limit of the unsteady computation enables us to deduce the
values of the parameters f3=f(Lm, M5f) given by Mirels'
analysis [Eq. (4), Ref. 4], and to compare with Mirels' ex-
pression for the parameter 0 (noted here as /3M) given by Eq.
(17) of Ref. 4, and also with the different values of /3 (noted
here j3exp) deduced from experimental data for argon. These
results are collected in Table 1. They show the discrepancy
between the values of /3 and (3M. This discrepancy lies between
22% for Ms— 2.4 and 14% for Ms — 7. This variation is in
agreement with Mirels'4 and Fox's18 observations and with
the experimental data. These different comparisons bring to
light the importance of taking into account the spatiotem-
poral variations of the freestream and the boundary layer to
describe the mutual interaction.

The unsteady study of the flow enables us to follow the
evolution of the velocity profiles in the boundary layer, and
thus it is possible in particular to represent this profile at the
contact surface for the limiting regime (or assumed so with a

Table! Comparison of /? values3

y**«
a

b

c

d

3
2,

4
3.

7
5.

9
6.

.4

.15

.41

.86

Lm, 13= 0M =
m F(Lm,Msg)b F(MS()C

0.

0.

0.

0.

225

188

143

132

2.54

2.22

1.88

1.71

2.08

1.86

1.64

1.5

Duff

Hooker

Roshko

Fox

Ms

-1.6

4

5-9

7-12

?e

3.

•xp

.9

2.2

1

1

.8

.73

Fig. 4 At limiting regime, velocity profiles across boundary layer at
contact surface: a) Ms. = 3; d) Msj = 9.

' ^cxn deduced from experimental data; (3 deduced from numerical values Lni,
and M @M deduced from Mirels' est imate. b From Ref. 4, Eq. (4). cFrom
Ref. 4, Eq. (17).

"1 3 5 7 9 MS
Fig. 5 Maximum separation distance against Mach number for
argon.

good approximation). Figure 4 shows that the quantity (1 -
u/Uec) across the boundary layer is quasi-independent of the
shock Mach number. The parameter /3 deduced by integrating
these profiles through the boundary layer is equal to 2.68,
within 2% for all computed cases Ms. = 3,4,7,9). This result
enables us to draw the ratio (Lm/PjD2) as a function of
Mach number (Fig. 5) and to compare it with Mirels' analysis.
Taking account of the unsteadiness of the boundary layer
gives boundary-layer thicknesses more important than for the
steady studies. Thus, the corresponding values of Lm are
smaller.

Using Hooker's experimental conditions (M5 —4, £> = 3.95
cm, x0 = 6.27 m) and supposing the limiting regime obtained
at the station x0, it is possible to draw rm/rTH as a function of
the initial pressure Pt (relation 10). This evolution is linear
and agreement is shown with Hooker's experiments (Fig. 6).
This comparison is of course no more valid as P7 — 4 Torr
(then, the boundary layer is transitional).

D. Flow Variables at the Limiting Regime
At the limiting regime and for the studied Mach number

range, Figs. 7-9 represent the variations of the hot flow
parameters from shock wave (£ =0) to contact surface (£ = 1).
As for temperature distributions (Fig. 7), their variation is
within 10%,19 except for the region next to the contact
surface where the gradient is much stronger. The origin of this
region comes from the choice of the initial data line for which
the quantities are assumed constant and also from an in-
terface assumed athermanous.12 However, in this region the
temperature tends to decrease when /—•<», but very slowly
because this decrease comes only from the local mass loss.

The pressure variation (Fig. 8) is more important; it is of
the order of 30%-20% depending on the Mach number Ms
and as Ms increases the curves tend to superpose. This last
conclusion is also true for the velocity distribution (Fig. 9),
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—— ———HOOKER Analysis |Ms=4{

—— ——ACKROYD

mmHg)

Fig. 6 Comparison of test time at given station against initial
pressure for argon.

O
Fig. 7 Temperature profiles in hot flow at the limiting regime: a)
Ms. = 3; b) Msi = 4; c) Ms. = 7; d) Ms. = 9.

but the increase is more important for small Mach numbers
(60% for Ms = 2.4).

These different graphs, as a function of the non-
dimensional hot flow abscissa £, can be compared to the
Mirels' analytic expressions.20 As for temperature and
pressure, their distributions are very close and the maximum
discrepancy is of the order of 4% for Ms =2.4.

As for velocities, their profiles do not have a parabolic
shape as did those found by Mirels for the following
hypothesized reason: "the ratio of excess mass flow in a
laminar boundary layer at station £ to the mass flow through
the shock varies as £ l/2"; but they have a linear variation with
£ as soon as £>0.3. This discrepancy increases when Ms
decreases (Fig. 10).

VI. Conclusion
In order to study the hot flow in a low-pressure shock tube,

the coupled freestream and boundary-layer equations are
numerically solved by taking into account the spatio-temporal
variations induced by mutual interaction. Thus, a better
knowledge of the unsteady evolution of hot flow is obtained
including the distribution of all parameters at the limiting
regime and more particularly the values of the maximum

0 0.5
Fig. 8 Pressure profiles in hot flow at the limiting regime: a) Msi = 3;
b) Msi = 4; c) Msi = 7; d) Msj = 9.

1

O.5 ^ T
Fig. 9 Velocity profiles in hot flow at the limiting regime: a) Ms. = 3;
b) Msi = 4; c) Ms. = 7; d) Ms. = 9. '

_ ^__ Mirels: ref 19
Present results

O 0.5
Fig. 10 At the limiting regime, comparison of velocity profiles with
Mirels' steady analysis: a) Msj = 3; d) Ms. = 9.

separation distance and test time. The present results are in
agreement with different experimental results at usual
measurement stations.
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